In this work, we discuss the existence and the non existence of principal eigenvalue in an unbounded domaine of R N for some potentials which change sign. We also give certain properties of this principal eigenvalue.
Introduction
This work is mainly concerned with the existence of a positive principal eigenvalue for the following problem −∆ p u + V (x)|u| p−2 u = λm(x)|u| p−2 u in Ω, (1.1) where Ω is an unbounded smooth domain in R N , ∆ p u := div(|∇u| p−2 ∇u), 1 < p < +∞, is the p-Laplacian, λ is the eigenvalue parameter, V and m are weight functions possibly indefinite whose properties will be specified later. By principal eigenvalue, we mean λ > 0 such that (1.1) admits a nontrivial u, with u ≥ 0, in a suitable weak sense.
Many works have been devoted to the existence of a principal eigenvalue in the last years due to the importance of the validity of the weighted Poincaré inequality. The case V ≡ 0 has been studied, among others, by [3, 8, 10, 11] under different hypothesis on m. They prove that there exists a first positive principal eigenvalue, denoted by λ 1 (m) and defined by has similar properties with the energy E defined above (see for example [17] ). Problems (1.1) with V changing sign and satisfying certain conditions were recently considered in [18] (with m ≡ 1), [13, 22] (with m indefinite, p = 2 and additional hypothesis on V and m), [5, 6, 9, 10, 16] (with m indefinite). In [9, 16] , it was introduced the value α(V, m) := inf{E V (u); Ω |u| p = 1 and
which plays an important role in the proof of existence of a principal eigenvalue.
Of special interest for our purpose is the work in [10] where the study of problem (1.1) with V ≡ 0, was carried out. In [10] the existence of a principal eigenvalue was proved by using a certain compact imbedding into suitable weighted Lebesgue spaces. Some properties of this principal eigenvalue was established: regularity of eigenvalue, simplicity and unicity.
Our purpose in this work is to extend the results obtained in [10] to the case of problem (1.1).
When trying to adapt the approach in [10] , the relevant functional is
We will prove the coerciveness or the existence of a converging minimizing sequence of A restricted to the manifold
where m 1 is related to the weight m as a "sort of positive part" and W g is a suitable weighted Sobolev space in Ω which will be defined later.
The existence of a principal eigenvalue for (1.1) is derived in Sections 3 and 4. In Section 3 where the low dimensions are considered, we assume the validity on Ω of a weighted Poincaré inequality of the form:
for some function g ≥ 0, ≡ 0 suitably related to the weight m and for some positive constant K(Ω, g).
Section 4 is devoted to the case of high dimensions. We assume there, that the function m 1 lies in certain Lebesgue space inside of satisfing hypothesis (H g ). In Section 5 we deal with some properties of the principal eigenvalue: regularity of eigenfunction, unicity of the principal eigenvalue and the continuity with respect to either V or m. In the preliminary Section 2, we recall some compacity results which play an important role in the proof of our results.
Preliminaries and technical results
Throughout this work, Ω is an unbounded smooth domain of R N . We will denote by Ω R = Ω ∩ B(0, R) and Ω ′ R = Ω\B(0, R) for R > 0, where B(0, R) is the ball of radius R centred at the origin. We will assume that for R > 0, the open set Ω R is smooth. As in [10] , we call "admissible" a nonnegative function ρ defined on Ω and satisfying the following local integrability condition:
for some s > N p where N ≥ p and s = 1 when N < p.
Associated with such function ρ, we define, when ρ ≡ 0, the weighted space W ρ as the closure of C ∞ c (Ω) with respect to the norm
The following imbeddings hold (cf. e.g. [7, 10] 
Here D 1,p (Ω) denotes when N > p the closure of C ∞ c (Ω) with respect to the norm ( Ω |∇u| p ) 1/p and p * = N p/(N − p) is the critical Sobolev exponent. The proof of the imbedding W ρ ֒→ W 1,p (Ω R ), in low dimensions, uses the following lemma, whose proof can be found in [10] . 
Existence of a principal eigenvalue in low dimensions
In this section, we will assume that N ≤ p and consider successively a weight m either nonnegative or indefinite in Ω.
Let us assume that the weight m 1 and the potential V satisfy the following hypothesis (H 1 ): There exists an admissible function g such that (H g ) holds and
where the function θ verifies
(H 2 ): There exists a positive constant c with,
where K(Ω, g) and g are defined in (H g ) with g admissible and g ≡ 0.
By a solution u of (1.1), we mean a weak solution, i.e. u ∈ W g such that
Note that every term in (3.1) is well defined.
The following theorem concerns the case mis a nonnegative function. 
The proof of Theorem 3.1 relies on the following lemma whose proof can be found in [10] .
Lemma 3.2. Under the hypotheses of Theorem 3.1, one has the following compact imbedding
on Ω with weight m 1 .
Proof of Theorem 3.1
The proof is partly adapted from [10] . We give here some details for the sake of completeness.
Let us consider the following functionals
We aim to prove that this infimum is achieved at some nonnegative function and by Lagrange multipliers rule, we will conclude that λ 1 (V, m 1 ) is a principal eigenvalue for (1.1).
It is easy to prove that
where α ∈ [0,
(Ω,g) [ and then A is coercive on W g . On the other hand let u k be a minimizing sequence for
Using (3.2) and (i), one deduces that u k is a bounded sequence in W g . Thus there exists u 0 ∈ W g such that, up to a subsequence, u k converges weakly to u 0 in W g and strongly in L p (m 1 , Ω) (using Lemma 3.2). Consequently, from (ii), one has B(u 0 ) = 1 which implies
The infimum is then achieved at u 0 . By Lagrange multipliers rule, λ 1 (V, m 1 ) is an eigenvalue for
function. Serrin estimates (cf. Theorem 8 in [19] ) and Harnack inequality (arguing as [8] ) allow us to conclude that the eigenvalue λ 1 (V, m 1 ) is principal.
Next we consider an arbitrary weight m in the form m = m 1 −m 2 , where m 1 , m 2 are nonnegative functions. For fixed λ, We consider the following eigenvalue problem with parameter β(λ)
It is clear that λ is an eigenvalue of (1.1) if only if λ is a fixed point of β(λ) where β(λ) is an eigenvalue of (3.3). Searching such λ is our goal in the next paragraph.
Let us start to prove the following result. satisfies (H 1 ) and V satisfies (H 2 ). Assume also that
, having an eigenfunction which belongs to
Proof. We will, first of all, prove that problem (3.3) admits a principal eigenvalue λ 1 (V + λm 2 , m 1 ). Indeed let us denote by
and set
As in the proof of Theorem 3.1, we will prove that β(λ) is achieved at some nonnegative function u 0 ∈ W g+m 2 , which yields to the existence of a principal eigenvalue for (3.3).
We will first prove that A λ is coercive on W g+m 2 . This clearly follows if, for some,
If 0 < α 1 < λ, it suffices to have
Using (H g ) and (H 2 ), one has
Consequently, for α 1 sufficently small, one has the expected result, i.e.
A λ is coercive on W g+m 2 for any λ > 0. Arguing as in the proof of Theorem 3.1, one deduces that for any λ > 0, (3.3) has a principal eigenvalue β(λ) := λ 1 (V + λm 2 , m 1 ).
Our purpose is the second step of the proof to show the existence of a fixed point for the function β(λ), which will clearly yield the conclusion of Theorem 3.3.
Since for λ > 0 and for all u ∈ W g+m 2 with B(u) = 1,
where λ 1 (V, m 1 ) is defined in Theorem 3.1, one deduces that
Consequently, β(λ) ≥ λ for λ > 0 sufficiently small. On the other hand (H 3 ) implies that there exists a nonempty open subset, with positive measure, Ω 0 ⊂ Ω such that
Let u 0 ∈ W g+m 2 with u 0 ≡ 0 and supp u 0 ⊂ Ω 0 . Then for λ sufficiently large 
Existence of principal eigenvalue in high dimensions
As in the previous section, we will investigate the case when the weight m is a positive function and when it is indefinite. We assume that N > p. Let us begin with our first result in the case the weight is positive. Proof. The proof is partly adapted from the corresponding lemma in [10, 11] .
uniformly with respect to k, l (which is possible since ω ∈ L (p * /q) ′ (Ω)). Then splitting the integrals over Ω into integrals over Ω R and over Ω ′ R , we get
.
Fixing such a R, one deduces from the compact imbedding
for k and l sufficiently large and consequently u k converges to u in L q (ω, Ω).
Proof of Theorem 4.1. From (H 5 ) and the imbedding D 1,p (Ω) ֒→ L p * (Ω), one easily establishes the following inequalities
which implies that A is coercive on D 1,p (Ω). Here A is defined, as in Section 3, by Proof. Let us write, for λ > 0,
From (4.1), one easily proves that
, for all u ∈ W m 2 ,
Hence A λ is coercive on W m 2 and then using Lemma 4.2 and Theorem 4.1, one deduces that the problem
admits a principal eigenvalue β(λ) defined by
Arguing as in the proof of Theorem 3.3, one can prove that β(λ) ≥ λ for λ > 0 small and also for λ sufficiently large
with u 0 ∈ W m 2 , u 0 ≡ 0 and supp u 0 ⊂ Ω 0 , where Ω 0 is provided by (H 3 ). So β(λ) < λ for λ sufficiently large. Using the facts that β is concave and continuous in [0, +∞[, one deduces the existence of a fixed point for β which is, in fact, a principal eigenvalue for (1.1).
We give below some properties of the function β(λ).
Proposition 4.4.
Let λ n → λ and (β(λ n ), ϕ n ), (β(λ), ϕ λ ) be the corresponding eigenpairs for problem (4.2) . Then β(λ n ) → β(λ) and ϕ n → ϕ λ in W m 2 . Moreover, β(λ) is differentiable and for any λ 0 ∈ R, we have
Proof. The proof borrows some ideas from [1, 5, 14] .
Continuity of the function β follows from the fact that β is concave and concave function is continuous on its domain of definition.
To prove that ϕ n → ϕ λ , we proceed as follows. Let Λ ⊂ R be bounded. For λ n ∈ Λ, since
(using continuity of β), one deduces that Ω |∇ϕ n | p and Ω m 2 |ϕ n | p are bounded. Thus for someφ ∈ W m 2 , ϕ n converges toφ weakly in W m 2 and strongly in
Next, taking ϕ k − ϕ l as testing function for ϕ k in (4.2), one has
Hence, from the monotonicity of the function x → |x| p−2 x, we have
Using Hölder inequality, the hypothesis (H 4 ), (H 5 ) and Lemma 4.2 (for q = p), one sees that
we conclude that the right-hand side of (4.6) goes to 0 as k, l → +∞.
To go on with the proof, we observe that for some constant d = d(p) and for any a, b ∈ R N ,
where r = p if p ∈]1, 2[ and r = 2 if p ≥ 2 (cf. [15] ). Applying (4.7) and Hölder inequality, one easily derives that ∇ϕ n → ∇φ in L p (Ω). Moreover, the calculation leading to (4.5) gives,
where the right-hand side goes to zero. We then deduce from above that Ω m 2 |ϕ k − ϕ l | p → 0 by applying successively (4.7) and Hölder inequality. Consequently ϕ n →φ in W m 2 . On the other hand, one has
and since Ω m 1φ
, one derives thatφ = ϕ λ and the first part of Proposition 4.4 is proved.
To prove the differentiability of β(λ), let's write
Replacing λ (resp. ϕ λ ) by λ n (resp. ϕ n ) in the last inequality we have
Dividing by (λ n − λ) an letting λ n → λ, we obtain (4.3). For that let us introduce the following number (cf. [9, 16] )
One has the following m satisfies (H 3 ) and (H 4 ). Assume further that V changes sign and satisfies (H ′ 5 ) with
Then the problem (1.1) admits a principal eigenvalue
Proof. We define
We have that λ 1 (V, m) > −∞. Indeed assume by contradiction that there exists a sequence (u k ) such
On the other hand, since A is lower semi-continuous, we have If there exists a certain rank j > 1 such that λ j (t 1 ) = t 1 , then t 1 is the first eigenvalue of Problem (1.1) associated with an eigenfunction ϕ − 1 which, not necessarily, has the same sign. Hence t 1 is not a principal eigenvalue.
Let us conclude this paragraph by giving some regularity and simplicity results. 
